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ABSTRACT : Static data structures are easy to analyze and simple to implement.
However, we use dynamic data structures more because of our computing
environment. In the case of search trees, we know that OBST(Optimal Binary Search
Tree) is the theoretically perfect optimal static one. Thus, there have been quite a
lot of researches to find and prove a certain dynamic search tree being the optimal.
This paper summarizes the result of various studies focused on a class of dynamic
search trees that we call self-organizing search tree. Then we analyze the methods
that the class of data structure uses and the splay tree which we find the best
existing structure. Finally, we report a number of unproven conjectures which must
be done if the structure is the optimal.
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2tg5 A A o] == dlolE Fxel M Ee(search tree)7t stk A Ee]e]
7FA (branch) & Algke] @A ®bef 74 4= K7F ;A =] glebH O(logek) el o)Al
2|2 W3lo] 7bg3ly] witel HE olxl AN EfE 1 7]E dHely FxE AAIT. of
A Eg]d] tslolis ofw] AF7F 2 FE o] ko) AA(static) o] AM Eo] HS$-
2 o]zl AA Eg](OBST: Optimal Binary Search Tree)”} &#x Az Hit AT A
Zre] O(logen)elrk. whrk AFsd, AHAl W= A-¢ 27le] #3343 (balanced) E&]Ql #A
2 724 d43& 7387 9% stacks o] &3 & Jfﬂ w8 Z(Hu-Tucker dxe]z=?)
o] &= 1Ae] FPA7kE O(logen)eltt. #3241 d¥HEv FE4 #3& A% &F
43 #A EZ] (probability balanced search tree):= W=F 1.44 X OBSTY AN &=
= ZE OBSTAR-2 AFs, AtAlelA o] HrbA A4k §-5-2 §le Heolroh,
gy -] &A= FEHEEEe] v dHA A HeEE oA FHAA
21 OBSTE AF8-3F 5= git). wZo 54 74 =32 (dynamic search tree)ol| w3k A+
o] daAo] Fuxlo] gtk OBST 3 B-tree 2> AA dHolg FXxE ¥o] e 74
(F2 AZEE)7F HA3] 52 A2 d8E& olF F ol AFAHolql oy 23] 1d 72
A A¢A (structural constraint) wtell HEFEo] LA UA FS F=
e o HlEgHelrl. dubgoew FA doly TR A HxiE Ak o
AHAD) & AEAAE7F Lol S-Sk AR dlolE Fx Akl el R Alghs
A ZAMER ] AuE A wef Aol A el OBS
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FEHor AgHeldled 8ol Welx= 4 AM Ef9 < Z Biased search
tree7l Qi FF AN SE= wmEXY O FRE x5 dale] Balsly T2 #3 E
2] (structurally balanced tree)®t} 93]8 Fx2 Aol ] B3} Finger
search tree® = AAL w=v 7 ol Fr1Ael 98 E Folof st 7 -y
(space burden)e] glo] & =& o},

B =RoME FFHT 35S g A ot AT AnZts HalAo)

s
24 229 3'-7}94 T8 ?i:rL Adg Aelsta 1 AdAHE B4Rt ek A vt
] o =
= T

o Ay 037:}"}4 TZH E%‘é% $13ke] Zhekek A4 WA (restructuring rules)$S A4,
o] F2] <dabel] tulsl= AA @A E] Alde] & w=o] A tAbelrh A W F el st
o= A7t 24 A ﬂiE(‘“‘ﬂ]H wol AFEd=d et 1 o] &% ohe AE3steE vf &
Eg Alde 27t 24 A Eg(SOST: Self-Organizing

2 Bxes 7 dAxke] 2aErE AA HA FA Bl AeulR AlgEE SOSTe +

g F7; Abgo] &gA ol (F-7}
Iz Jolc), B =39 2A o)A
= oy Aol ARgEl AT HAS 2l EAska, 3R = o]zl SOSTY] 71 T8
gk dlo]e] 39l Splay Egle] dlafx], 4= Jukg el K-splay 4
EgE EAsta, 5AdAME olHd Ao HdE vl A4l (conjectures and open
problems)& Afste] F AFAp7F otz vbE A Alstaal kol

et

2. Eg|e] 7|2 M7d HA

2.1. A2l (Definitions)

B ool A" 4% 554 gojol vste] ofels} o] Hlar}.

Aol 1. o]z HM Eg|

1) TE olx1E", x& T & xZ(node) E‘ril sl Key(x)7} eleba skxb. T3 Tre
27k Teo] #H3K-E=] (left subtree), FE2] (right subtree)zl & v ZE =&
yETL, zETgel 3} Key(Y)<Key(x)<Key(z)7} 5] gt

2) Ri, Re,- - -, Rn& #HZ=2 713k Ki, Ko, - - -, Kng 22 23 HIHESE
P1, Pa, - - -, Pne] Folxlt}.

Mol 2. ®H oln ZA Ea)
T7} o4l 734 =
of HAZL gom AA o4l A4 Eelebu qv).
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Mol 4. WA M2 ZAE
Ca(RDE v AR H3= RiE AHIee WU == 3262 3t Ca(TE 7 T =
E o2 Hasts ¥ 293 FHAT Z2AE PiE Rid Ulg AT g8olzt & uw CA(T)

= §1P10A<R1)7} k=1

7((3-I9_| b, x| M ImAE

Copre A AT I2ER AHH FHA ozl AN Egd HT ZAEE H3ho)
2.2 MTR %2 (Move to Root)

kel AAst 72} st kxrl B T QlvpH FAEHE AR vl 2 x2E FEZ T
£}, MTR2 o] A 2% A2 7} FZk(extra storage)d A|7FE AlE-3lH o] &
Aoz (1)elH Aol Coprel Aulde] S =)

gof 2.2 H-logH-logH<Copr<H+1 ©, H= PllogPl

||M8

dEl 2.2 Cwurr<2In2(Copr + logCoprr) + 3 = 1.3863(COPT + logCopr) + 3

wtef A ZebEo] wdExbd (F, Pi = 1/n Vi), A8 2.2 Curr = (2In2)logn
< Hol Foh ey FHebo] Agol Far AAAIZEe] O(n)ol &3 = Slvk= Zle] (1)l
A1 A A= BE Qi)

2.3 SE # 2 (Simple Exchange)

SE= A3 A glx~E° W (transposition) ¥} v]=3ich. d3Z= Ris é—‘.ﬁ‘a o S
Ri®} Parent(Ri)®] ZJEE A2 vlEch(=t, RizE FE7F ofbd o). (13)el4 A3 é
g9 Z$ SE7F MTREY tha $-53e] ¢ 54*111“} A ERle] A= 1¥A] @
7Z-%- SE= & Markov Ale] = Fete] A9 FdHZLFEE Pi = 1/nViYd o Cse
= OV zm)e] =

S rlr

2.4 SMR ® % (Split Move to Root)

2.2014 ¥l MTR-2 éﬁ | AL vt meAelnh (1) 24 Tdel UA &2
RiE AMAE A5+% E£23= SMRE avlstar slek. wef 718 KeTeld SMR2 MTR
Ae gsgeh. ey K£T°]“d % Ri<K<Ri+1 (I<i<n-1)e]¥ Ri F2 Rit+1le¢] &

o} w3El o] w Cegyr < (41n2)(Copr + glPilogCOPT> + 6o]la, o] W Pi: Rizk

Toll A w749 3tEo|v},
2.5 MON %3 (Monotonic Tree Rule)

MON< heapx & AHIWEZe] wep W xx=rt FE7F Ha 7 $Eg wgd 94



(recursively) 2.2 AHHt = FFREZY nE = = HAIWNEr 71 £ 227 F
dr-eele] FE71 ") o]yl FE2E FAE7] 915t MON2 24 kv A2 345 7]
%6‘]-’7 ) AL Avkt HAE Slel wet 2S5 23387 98kl A3 (rotation) G e &S
2g-ghe} Fels] FHobe] A= oA 439l E¥(degenerated tree)eltl. &, Ki<Ki+1
°] 3-5-0] L

Wi Pi=Pi+1(1<i<n-1)& ZH$olcl. wef Pizlp A& 79 oW ot #
12)+= Cumon=(n/(4logn))Coprd<
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2.6 WR "% (Weighted Rotations)

(2)= 74 AT W= wE 7 e daeFs AT 718 ofelr]eli= SEZF JHE
Aol xxeo] AE npEA g g FE A 97} vl E Flo] o A oluh=
Z k=

LSR(Limited Single Rotation)-2 F1% 713 Ko &4 A=zAbelA 92 254 53
o A+ BlErf ol & Wz 9] A AT WER BS o 3 dueHs A48}
a7 129] (a)x& olAe 24, A7} A3 (point of rotation)d =l W(A +W(T1) >
W(B)+W(C)+WI(T3)+W(T4)e]H LSRS Aggch(W(X)E Z(yA AT HE)

m

v LSR2 28 1 (a)9] T2, T3%2 "W (inside) F-Eg& u#3A] % AR
wof £ T7F 23 19 (b)2e] #8o] A Aalx @ ASol T7h Ao Wahx st

e
W = e
A TR

T1 T2 T3 T4 T3

(a) (b) (c)
T2, T3 in (a) are "blind” subtrees when SLR is applied
13 1. Weighted Rotations

DR(Double Rotation)-& ®}& o] Ao tigh sjZA Aot 17 19 (¢)= DRE k=
Bell A-83h= 24, 2 A3= 29 19 (a)7F H3 DRel A-&==d 2W(B) + W(T2) +
W(T3) > W(C)+W(T4)7} A= sloF g}

3] % LSR¥ DRel Wik o] &4 A4 A3 FHEA . Z=2a38s &3
g A= Crsr = 1.06 X Coprelal Cpr = 1.0384 X Coprelt}.
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3. Splay E&|

27l A 2 =] A HAE2 28y Aste] A4 dAf = shuel w& ke who]
otk wEbAl o] A5 % Eg] T9 #o](height)7} &1t MTRe A$A4H &3 =
= Fte] A5t H—J"B?—i 4 olth. Splaying W2 "Ye H A7 Fxo wet A (pair)e
2 AL AE3PH o]Zle] YFH oz Er]o FolE AuleR £ 4 sith sEAQl ik
o2 2 o Splayinge Z~E7} =vh v $8]9] FebHe M dale] oma} oz W
o] dite] 3y Fo] FH AL ZoEO|ER w o]yl 2 ZAES A Foll= ER T
Eol7t Fo FF ?ﬂﬁgl FrE7} Golx| g A H A4 (amortized analysis) el

2E OBSTS] A5l dde] ZH=e] ek’

oN‘l;l
T

Mol 6. Splay step
Eg] T x= xol W3le] P=parent(x), g=grandparent(x)z} 3}

1. (Zig) #eF p=root® r(x, p)el ste] x5 FEZ g} vt r(a, b)E == a9 by
A 3ke weh)

2. (Zig-zig) *ef pe x7F ¥3] o]zl Bl #Hd F2 58 A<solw HA r(p, g)&F &
5 r(x, p)&E P}

3. (Zig-zag) %weF x, p, g7} & Z& YA
parent(x) & 3} r(x, g)= 33},
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2 = Zaj+(6m—00) - 34 3.1

7=
4714 me Aik g, o a4 A dake] AAle] aea

M 22ES ey
Om= 0o o] zZt7Zt FHF potential®} %=7] potentiald vetfitt, ZAEE= A3l 34

=2Awn SplayEg] T2 potential& o}#lj e} zFo] A olxlc}

Me| 7. potential
Eg T 7z} = 7} oo vls WH)E 22 Tx & x7F FEQ F-EgE #ih x9
7] S(x) = ;W(i)ol_’ﬂ_ B3 r(x)=log S(x)o]¥ E= T2 potential ;_r(i)i F

SRS
Splay ElelA kel 83 Hel7} okhel FelEo] Q.

u

op 3.1 (H2 2ot™)

FE7} to]z X xoA] Splay® d3t= MEEd 3A~EE= OF < 3(r(t)-r(x))+1 =
O(log(s(t)/s(x))elc}. 3] 71 medsle] nxxe] Eg To sz F v} F+ A7}
EarR= A=

gel 3.1 (¥ del) 74 A2A 2 O((m+n)logn)olrt.

2 (H =5z Fa))
ExEst AoE @ W A2 qirh kB i) TR @ o Fd g2 A

OO

7+ O(m+ Zlql log(m/qi))elt}.

g ol 7 agHlA Holrtb gl

A2l 3.13 3.29] A¥}+= Splay E7F =& HA H
) dAbell = wl3krlA] o] o}

& w3 o)z ofefell Ael® 7 A4l (update

Hz| 3.3 (WA o] d4tEe] Splay E8 T k= jd HE=EdE wl 2 HZA
= O0@Blog(W/wi))elth, wite X=X i8] vlFolx W= AHAY v|F(7]4= HAIHx)e

=

- A, T) T4 == {5 2H igTe]d nulls 7|53}

Akel (i D xE jgTelH iE Aglsly == iZ%E Splayings AA 3
-Jom(Tl, T2) : VxET1, yeT2, x<y, T1Z T2E HFol & EgZ 9t&
A, T) ¢ "FAG, TE AARE F T T2 is FERE 3 FEZY o
Join(T1, T2)E A A g},
- Split(i, T) @ i& FALZ T1, T2E VxeTL, yeT2, x<y, y=>i¢} o] AIdc},

=S
1=
=

Splay E&8% priority queue, deque o] <g3o] 2L AxE medovV goly
dEoe AxAoz 4% Ayt wuE ul'? o]zle] gl o] 24 dlo|E] Fxi ok}

aL & Aol



2 Splay E#l&= o]z Egjo|tl. OBSTS A%+ KA E8lE O(log2K)el
E 5 4 9o K-ary Eglel g &4o] EHQ3sh} Splay Efl: th=r} &
3] o]%l Splay E#l+ dAAHSZ virtual memory AA st x| AHZA (locality)

of #A7F slek. (14)& el w2t Splay E8l& K-ary® &43kqltt. ©]7$& K-splayzt
3 3h=d 7+ K-splay step #HFE steps A8t k+1 k=9 k edge’t 2 &4 A=
o A= gt

LA G £8¥ Lt gtar =2ty FE27|2 32}, K-splay7b AdEH 1 x=9
ol & ARE ol Wty AZslE Fob o)A 1 Fhe] AR vl 4 k=
A3e ‘framework’ 2t &l K-splay+ oFefe] F 7497} sltt.

HE step

o] 1> star =7} 1 Zol(depth)7} #oi= kFtizl k mlute] == A 9o}, o] 4%
(k+1)(k-1)71¢] ++ framework #te] zeo] 12 ki-Eglo] AAHr}. o] F framework
< star x=o} xRt A4 ARRQl k2 (P4 AR ARe) FAEY led A
framework® FEZ} Al star ==7} H 3 7|4 € t}d K-splayinge]| o]Fo]%lc}.

=9 Zol7} k mIRkd Aot 1 ZelE leojzk & u FE= 1/he ¥
2 & Z5E dz=2 7)gke] A"
K splayEe]®] Z~E= Xd%ﬂ% rE 2 2AEEY R @AH s 2o ¢S A
rew A= Fo] gl7] witelrt.
ql—Q_]: g7} 9lele] A AbAl HLo Axtelztelal nel B Te] k= 2t & o A5
A= A7 O(mlogen)o] e,
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7 AgA Aol Salde] 1 FAARE A & ok WA ok Waks) F9
A ke AelSol glrh. ek o] m¥rl FYsH Spaly £t A4 SOST F24e %

T 5 9e Aol ol QO S 10 95 eisjo) wale] nrt AAE A3E wasgo
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T°1W Aol mae HAE Ak o] dwle] AANe Sz
T(S)= oA o]&A HA FZxEe v} FEA & x7pAe &4 IZAEV]
13t Zx~EE leolgf & o Splaying2® o7& HAs=

1+depth(x)e]az A
O(T(s)+n)e] &
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oM 3. (deque Hz|''®)
m deque $14FE nXxE Splay Egle] HE3t= A7 O(m+n)eoltt.

o 4. (Turn He2|"®)

94 Turn< Splaying stepolA] Zig-zig case?] % #A3+g Witz 3t nk= Ef
TolAd & Turn® 3 FH3E 42 499 d4ke A A Turn®] I57F O(n)elxz A
32 nCyo7li7} ¥}

oM 5. (Split ™2|®)
ke nx= Splay E&E A vrd 25 nolle] b k2= Eglrt = Zlgld o|g A )
= dlel+= O(n)Alzke] & 3},
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