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ABSTRACT : We propose the Spline Restoration method (SRM) for nonparametric estimation of a sample cumulative
distribution function Cdf{#} in the case when the data are right censored and left truncated. An interactive procedure is
based on the division of the sample to the number of age groups (subsets). Each subset contains the items of the same
manufacturing year. For the approbation of method a simulation study was done. The estimation of reliability of load-
carrying welded structures of the gondola car body was performed on the base of data that were assembled during single

inspections of technical state.

Nomenclature

j : Order number of age group (subset), j=1, 2,..., juax

JO : Estimator based on Johnson method

m; : Number of censored items in age group (subset) j

N : Total number of the items in the sample

N* : Number of the examined items during the inspection

N; : Total number of the items in the age group (subset) j

N*; : Number of the examined items in the age group j during the inspection

q; : Number of items in age group (subset) j, failed before the year of inspection
7 : Number of failed items in the age group ; in the year of inspection (observer value)
SRM : Spline Restoration Method

t : Time to failure

4 : Approximation for the time to failure; integer number

Var : Variance of logarithm ¢

w : The inspection year

x=W-Y;+1 : Approximation for the service time of items in the age group j, integer number

Y; : Manufacturing year of items in the age group (subset) j
Greek Symbol
u : Mean (expected) value of logarithm ¢

1. INTRODUCTION



Different types of incomplete sets are known: right censored, left censored, and left truncated. In
these cases estimation of the cumulative distribution function Cdf{t} can create problems. In the case of the
reliability studies of the gondola car’s body a special case of set truncation takes place. Usually these
machines are observed only once during the annual repair and a lot of information is being lost. The only
information available is about the condition of machine parts in the year of inspection. They could be in
working condition or they just had failed down during that year. Most likely these items will be never
observed again. The initial size of the sample is also unknown —- that is the main problem.

Another important feature of the data is their presentation in a grouped form. Each age group (that is,
subset of original sample) consists of the items of the same manufacturing year and we know the time to
failure only approximately within one year of accuracy. Pieces of Cdf{t} are estimated on the data about each
subset (we assumed that each subset was responsible for its own part on the plot) and they are put together
using an iterative formula. So, the name of the method is “Spline restoration method”. An example of a
simulation study has to elucidate the formation of these specific sets and to explain the estimation procedure.
Since the case of multiple right censored samples often takes place in reliability studies, a comparison of the

results to those obtained from the Johnson formula, which is good for right-censored samples, has been done.

2. REVIEW

In machine reliability studies ¢, time to failure, is one of the most important values. Therefore it has a
statistical nature due to many reasons, the cumulative distribution function Cdf{t} should be investigated.

The problem of Cdf{t} estimation is a common one in statistical analysis no matter which branch of
science is being considered. In medicine, in sociology, in education it appears as well as in technique. If the
sample of N observations is exactly observed, the natural estimator is the sample distribution function Cdf{t},
which is the proportion of the number of items failed with the times to failure less or equal to the argument ¢.
Often not all the items are exactly observed. This fact creates many problems in statistical analysis and many
studies have been done. However often a new statistical investigation brings a new type of censoring. It leads
to the appearance of some new approaches for the Cdf{t} estimation.

So far the terminology is not too definite. Mostly a distinction is made between the samples, which

are right censored, left censored and left truncated. The case of right censoring is best known. Kaplan-Meier,
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M Johnson @ and Nelson @ estimators are the maximum-likelihood estimators and are shown to be
asymptotically the same. ¥ The case of left censored data often takes place in education studies, when, for
example, a researcher deals with a group of children and studies their ability to perform a definite task. So, if
there are some children, who already know, how to perform the task, he deals with a left-censored sample,

because the number of these children is known. Turnbull ©

proposed the self-consistent estimators for such
samples. In © the idea of self-consistency was extended to the case of double right- and left-censored data. In
machine reliability studies, however, often we do not know the number of machines broken before the

investigation, so we have left truncated samples. This case had been studied among the others in. ™ The



author proposed a parametric model, where the parameters of the Weibull distribution depend on the

environment (namely stress in this case).
3. ORIGIN OF LEFT TRUNCATED SAMPLES IN RELIABILITY STUDIES

In the practice of single inspections of nonrestorable' items during the annual inspection of the
gondola cars a specific case of the multiple randomly censored sample often takes place. The samples are
right censored, that means that some of observable items are efficient at the moment of inspection. Since the
censoring times are different, the obtained samples are multiple right censored. Moreover since there were no
observations done before the single inspections, the information about early failures was lost. Since the items
which failed before have been just replaced, their number is also lost and the total size of the initial sample is
unknown. This makes the sample also left truncated.

Another important peculiarity of these samples is their representation in a grouped form. That means
an interval censoring. At single inspections the researcher does not know the exact service life of the item.
Only the manufacturing year is known. This fact allows representing the entire sample as consisting from a
few small samples, each of which represents a definite subset j, namely the age group of items of one
manufacturing year.

The restoration method is based on this division to age groups (subsets). Each item had been

observed only once and X; is its service time at the moment of inspection, where j is the order number of

the age group that the item belongs to. Since we do not take into account the time differences within one age

group we can use an approximation X = j for the all items and t i = j for the failed items.

4. SIMULATION STUDY

To reveal the differences in the Cdf{t} estimation obtained by using different methods a simulation
study has been done. Although the method is non-parametric, to have data in a simulation study a lognormal
distribution has been used. This distribution describes the reliability as well as Weibull distribution. In the
case of the lognormal distribution time to failure t=exp(r.v.) where r.v. is gau( U, Var). In modelling each

itemi (I =1, 2, ..., N) should belong to a definite age group j (j = 1, ) with the “censoring window”

v J e
[0; j-1). For random [ ; one of the following outcomes is possible: 2
1) j-1 <t <j. It means failure, which had been scored during the inspection;

2)t, >,. It means right censoring;

' We can call it “nonrestorable” because in according to the aim of the study only reliability before appearing
the first crack was investigated. Therefore the secondary cracks were not under investigation.
> We can call it “censoring window” using the term “window” like in. © The difference is that here we have a

number of windows with the different width.
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i < j-1. It means left truncation and, hence, this information is inaccessible.

For an expert, who conducts the inspection of the technical state, only observation at points 1) and 2)
are accessible. He would never know about 3). The number of observed items N would be less than the
initial volume N of the sample.

An example of a simulation with U =/ and Var=0.64 is shown in Fig. 1, a), in triangular Matrix 1.
Here the total numbers of failed and censored items are shown. Each row of the matrix corresponds to a group

of the items of the same manufacturing year. The matrix has a triangular form because in group j X i =/ and
the time to failure ¢ could not exceed service time [ < X i ). The total numbers of failures in the year of

inspection are in the darkened cells. The numbers of the failures in previous years are shown in the cells that
are L.h.s. of the main diagonal. Numbers of right censored items are shown r.h.s. in column separately from a
matrix. If we follow the idea of single inspection, we can say the information laying l.h.s. of the main

diagonal is inaccessible, and the matrix achieves a form shown in Fig. 1, b), Matrix 2.

5. SRM ESTIMATION

If only there were no censoring the nonparametric estimation of the distribution function would be
j
Iy

Cdf{t,} = ﬁ (1

In our situation we could not do that, because we know neither 7, nor N.

Let us accept that the jth age group is crucial for point estimation of Cdf {t , T = j } at the end
of the jth time interval (1.,<t<{;). It enables to apply an iterative procedure.

Let us assume the non-zero number of failures in the first age group, thatisI; # 0. Now we can
say that as a result of single inspection it has been revealed, that in subset j=/ with a service time x=1 year, r;
items had failed and m; items had been right censored. Here the number of examined items Nl* is equal to
the initial age group (subset) size

Nl* :N1:I”1+I’I11. (2)

The unbiased estimator is defined as in Eq.(1):

cdf(t,) = o =
) = 1 " n v m o+t 3

For subset j=2 (x=2) the total number of examined items

N, =r, +m 4)

is not equal to the initial volume of the age group N,



*

N, =N, +q,
(%)

Here ¢, is the unknown total number of items in the second age group which failed during the first
year of service life. We can say the information was lost because of left censoring. Let us use the estimator
Cdf(2) for the restoration of unknown number g.:

q, = Cdf(t)) (N, +1) (6)
where N2 =ry+m,+q; 7

The equations (6) and (7) form a system with two unknown parameters N2 and ¢,. After calculating

N, and ¢, it is possible to estimate Cd f { 2} using the data from the second age group (subset):

q, + n,

Cdf{ 2} N
2

®)

In general the estimators for N, and ¢, are not the integer numbers.

The estimator Cd f { 2} is used for restoration of the total number of the left censored items g; for
the third age group and the total number of items in this age group. Next, the unknown parameters for the
fourth subset are estimated, etc.

The iterative formula for the estimation of Cd f { ] } at the end of jth time interval
ri[1-Cdi{j - 1]

L+ +m ©)

Cdf{j} = Gdf{j -3 +

The total size of the initial sample <can be estimated using estimators

Cdf {1}, Cdf{2},.... Cdf{j .}

g Cdf{j -1 +n, +m
= + +
N=mormor ) T o - 3 1

In Fig. 2 along with the initial function of lognormal distribution (the line 1) SRM-estimator of
Cdf{t} is shown (line 3). It has a smaller bias than in the case of JO-estimation.

Results of the simulation for six modeled (initial) samples with different parameters U and Var are
shown in the table. SRM-estimators show some bias to conservative area, which however is less than non-

conservative bias, which has place in using JO method.

6. EXAMPLE

Now we shall consider an example, which created an initial problem with the left truncated data.
With the application of the proposed method an estimation of the reliability parameters for the load-carrying

welded structure of a body and a frame of the four-axle gondola cars has been done. The data concerning to



their technical state were received during single field inspections. "*® Criterion of a failure in a load-carrying
structure was detection of a first fatigue crack in welded connections. The total number of items in an
examined sample of the gondola cars’ frames were 1440 (N*) with unknown initial sample size N. The
estimator of N with the application of SRM method, was 1590. Estimators of Cdf{t} for a pin section of the
gondola car frame by SRM and JO methods are shown (Fig. 3). The presence of conservative bias in using
the SRM-method and non-conservative in using JO-method allows us to assume that the true distribution
function dislocates between lines 1 and 2.

For reliability parameters it is also important to estimate bias and confidence intervals. In the special
case of the grouped multiple right censored and left truncated data the procedure of construction of

confidence intervals is very complicated. For the effective solution of this problem bootstrap-modelling could

be helpful, as it was shown in. ©'"
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